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Abstract
A famous theorem due to Weyl and von Neumann asserts that two bounded self-adjoint
operators are unitarily equivalent modulo the compacts, if and only if their essential spectrum
agree. The above theorem does not hold for unbounded operators. Nevertheless, there exist closed
subsets M of R on which the Weyl–von Neumann Theorem hold: all (not necessarily bounded)
self-adjoint operators with essential spectrum M are unitarily equivalent modulo the compacts.
In this paper, we determine exactly which M satisfies this property.
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1 Introduction and Main Theorem
Let H be a separable infinite-dimensional complex Hilbert space, and let SA(H) (resp. B(H)sa) be the
set of all self-adjoint (resp. bounded self-adjoint) operators on H . Also let U(H) (resp. K(H)sa) be the
group of unitaries (resp. compact self-adjoint operators) on H . The essential spectrum of A ∈ SA(H)
is denoted by σess(A). The celebrated Weyl–von Neumann Theorem [Wey09, Wey10, vN35] asserts
that operators A,B ∈ B(H)sa are unitarily equivalent modulo the compacts (which we call Weyl–von
Neumann equivalent), that is, uAu∗ + K = B for some u ∈ U(H) and K ∈ K(H)sa if and only if
σess(A) = σess(B). This theorem has continued to play significant roles in many fields of analysis. On
the other hand, for unbounded operators the Weyl–von Neumann Theorem does not hold (Weyl–von
Neumann equivalent operators always have the same essential spectrum, but the converse need not
hold). In fact, the Weyl–von Neumann equivalence, viewed as an equivalence relation on the Polish
space SA(H) endowed with the strong resolvent topology is unclassifiable by countable structures,
despite the fact that its restriction to B(H)sa is smooth [AM15, Theorems 3.12 and 3.33]. Somewhat
unexpectedly, it is shown that the Weyl–von Neumann Theorem holds on R [AM15, Theorem 3.17
(2)], i.e., any two operators A,B ∈ SA(H) with σess(A) = σess(B) = R are always Weyl–von Neumann
equivalent, while it fails on ∅ or N [AM15, Examples 3.3 and 3.5]. It would be natural to ask on which
closed subsets M of R the Weyl–von Neumann Theorem holds. The answer to the question is the
main result of the paper:
Theorem 1.1. Let M be a closed subset of R. The following two conditions are equivalent.
(i) The Weyl-von Neumann Theorem holds on M . That is,
∀A,B ∈ SA(H) [σess(A) = σess(B) =M ⇒ ∃u ∈ U(H) ∃K ∈ K(H)sa (uAu
∗ +K = B)].
(ii) M has no large holes at infinity. That is, M 6= ∅ and
(∗) dM := lim
n→∞
min
{
sup
λ∈R\(M∪[−n,n])
dist(λ,M), 1
}
= 0.
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Here we assume sup ∅ = 0.
Proof. (ii)⇒(i): Assume that M has no large holes at infinity, and let A,B ∈ SA(H) be such that
σess(A) = σess(B) = M . By the Weyl’s compact perturbation Theorem, we may assume that A and
B are both diagonal with eigenvalues {λn}∞n=1, {µn}
∞
n=1 ⊂ R, and moreover that all eigenvalues are of
simple multiplicity. This implies that the sets of accumulation points of {λn}∞n=1 and {µn}
∞
n=1 both
equal M . Following von Neumann’s proof (see [AG61, §94]), let
an := inf
t∈M
|λn − t|, bn := inf
t∈M
|µn − t| (n ∈ N).
Then we show that limn→∞ an = limn→∞ bn = 0. Assume by contradiction that an does not converge
to 0 as n → ∞. Then there exist 0 < δ < 1 and a subsequence (ank)
∞
k=1 such that ank ≥ δ (k ∈ N)
holds. We first observe that for a fixed N ∈ N, there exist only finitely many k ∈ N for which
|λnk | ≤ N . Indeed, assume by contradiction that there exists a subsequence (n
′
k)
∞
k=1 of (nk)
∞
k=1 for
which |λn′
k
| ≤ N (k ∈ N). Then (λn′
k
)∞k=1 must have an accumulation point, say λ with |λ| ≤ N . Then
λ ∈M and there exists k0 ∈ N such that δ ≤ an′
k0
≤ |λn′
k0
−λ| < δ, which is a contradiction. Therefore
by taking further subsequence of (ank)
∞
k=1 if necessary, we may assume that |λnk | > k for every k ∈ N.
Then λnk ∈ R \ (M ∪ [−k, k]). Let 0 < ε < δ(< 1). By (∗), there exists k0 ∈ N such that for every
k ≥ k0, and λ ∈ R \ (M ∪ [−k, k]), dist(λ,M) < ε holds. This shows that ank0 = dist(λnk0 ,M) < δ,
a contradiction. Therefore limn→∞ an = 0. Similarly, limn→∞ bn = 0 holds. Then as in [AG61, §94],
there exists a bijection pi : N → N such that limn→∞ |λpi(n) − µn| = 0. By (the proof of) [AG61, §94,
Theorem 3], this shows that A,B are Weyl-von Neumann equivalent.
(i)⇒(ii): We show the contrapositive. Assume that (ii) does not hold. If M = ∅, then the Weyl-
von Neumann Theorem does not hold onM (what is much worse, the Weyl-von Neumann equivalence
relation restricted to {A ∈ SA(H); σess(A) = ∅} is still unclassifiable by countable structures [AM15,
Theorem 3.32]). Hence we may assume that M 6= ∅ and (1 ≥)dM > 0. Note that this in particular
means that for each n ∈ N, R\(M∪ [−n, n]) 6= ∅ holds. Then at least one of (0,∞)\M or (−∞, 0)\M
is unbounded. We may therefore assume that (0,∞) \M is unbounded, so that there exist numbers
1 < λ1 < λ2 < · · · in R \M such that dist(λn,M) >
1
2dM and λn+1 > 2λn for every n ∈ N. Since
M 6= ∅, let {µn}∞n=1 be a countable dense subset of M (it is possible that some µn and µm are equal
for different n,m). Fix a bijection 〈 · , · 〉 : N2 → N given by 〈k,m〉 = 2k−1(2m− 1) (k,m ∈ N). Fix
an orthonormal basis {ξn}∞n=1 for H and let en be the orthogonal projection of H onto Cξn (n ∈ N).
Define A,B ∈ SA(H) by
A :=
∞∑
k=1
λke〈k,1〉 +
∞∑
k=1
∞∑
m=2
µke〈k,m〉, (1)
B :=
∞∑
k=1
(λk+1 −
1
4dM )e〈k,1〉 +
∞∑
k=1
∞∑
m=2
µke〈k,m〉. (2)
Then
σess(A) = {µn;n ∈ N} =M = σess(B).
We show that A and B are not Weyl-von Neumann equivalent. Assume by contradiction that there
exist u ∈ U(H) and K ∈ K(H)sa such that uAu∗ + K = B holds. Let ηn := uξn (n ∈ N) and let
fn = uenu
∗, the orthogonal projection of H onto Cηn. Then for each k ∈ N, we have uAu∗η〈k,1〉 +
Kη〈k,1〉 = Bη〈k,1〉, so that
Kη〈k,1〉 =
∞∑
k′=1
(λk′+1 −
1
4dM − λk)〈ξ〈k′,1〉, η〈k,1〉〉ξ〈k′,1〉 +
∞∑
k′=1
∞∑
m=2
(µk′ − λk)〈ξ〈k′,m〉, η〈k,1〉〉ξ〈k′,m〉. (3)
Since 〈k, 1〉
k→∞
→ ∞, we have η〈k,1〉
k→∞
→ 0 weakly in H . Since K is compact, this shows that
‖Kη〈k,1〉‖
k→∞
→ 0. If k = k′ + 1, then |λk′+1 −
1
4dM − λk| =
1
4dM . If k < k
′ + 1, then
λk′+1 −
1
4dM − λk > 2λk −
1
4dM − λk = λk −
1
4dM >
1
4dM .
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If k > k′ + 1, then
|λk′+1 −
1
4dM − λk| > λk′+1 +
1
4dM >
1
4dM .
This shows that in any case
|λk′+1 −
1
4dM − λk| ≥
1
4dM (k ∈ N).
Also, for every k′ ∈ N,
|λk − µk′ | ≥ dist(λk,M) >
1
2dM >
1
4dM .
Therefore for every k ∈ N, we have
‖Kη〈k,1〉‖
2 =
∞∑
k′=1
|λk′+1 −
1
4dM − λk|
2|〈ξ〈k′,1〉, η〈k,1〉〉|
2 +
∞∑
k′=1
∞∑
m=2
|µk′ − λk|
2|〈ξ〈k′,m〉, η〈k,1〉〉|
2
≥
∞∑
k′=1
(14dM )
2|〈ξ〈k′,1〉, η〈k,1〉〉|
2 +
∞∑
k′=1
∞∑
m=2
(14dM )
2|〈ξ〈k′,m〉, η〈k,1〉〉|
2
= (14dM )
2.
This contradicts ‖Kη〈k,1〉‖
k→∞
→ 0. Thus A,B are not Weyl-von Neumann equivalent.
Example 1.2. Here are examples of closed sets M ⊂ R having no large halls at infinity.
(a) M = R, or more generally M = R \ U with U bounded and open.
(b) M = R \
⋃
n∈N(n− rn, n+ rn), where rn > 0 (n ∈ N) and limn→∞
rn = 0.
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